Here we investigate the axial w quasi-normal modes of neutron stars for 18 realistic equations of state, most of them satisfying the 2M⊙ condition. In particular, we study the influence of the presence of hyperons and quarks in the core of the neutron stars. We have obtained that w-modes can be used to distinguish between neutron stars with exotic matter and without exotic matter for compact enough stars. We present phenomenological relations for the frequency and damping times with the compactness of the neutron star for wI and wII modes showing the differences of the stars with exotic matter in the core. Also, we obtain a new phenomenological relation between the real part and the imaginary part of the frequency of the w quasi-normal modes, which can be used to estimate the central pressure of the neutron stars. Finally, we study the low compactness limit configuration of fundamental wII modes, and the influence of changes in the core-crust transition pressure. To obtain these results we have developed a new method based on the Exterior Complex Scaling technique with variable angle.
I. INTRODUCTION
Considerable progress has been made in the last years on the development of gravitational wave detectors. Large-scale interferometric gravitational wave detectors, like LIGO, GEO, TAMA and VIRGO, have reached the original design sensitivity, and are currently beginning to operate with frequencies between 1Hz to 1kHz. The sensitivity is continuously being enhanced [1] . First detections are expected to happen within the next five years. These observations are of huge importance because they can be used to perform stringent tests of General Relativity. But also because gravitational wave detection opens a new window to observations of the insights of numerous, and probably also new, astrophysical processes. Possible sources of gravitational waves are interacting black holes, coalescing compact binary systems, stellar collapses and pulsars [2] .
Neutron stars are major candidates to detectable gravitational wave sources because of their rich emission spectrum, which lays inside the frequency range of current detectors. A recent review about gravitational waves from neutron stars can be found in [3] . The study of the signature of the equation of state on gravitational radiation from neutron star has been developed in [4] [5] [6] [7] [8] [9] . The first direct search for the gravitational-wave emission associated with oscillations of fundamental quadrupole mode excited by a pulsar glitch has been presented in [10] .
Neutron stars are found inside pulsars, and are thought to originate after the collapse of massive star cores. The supernova explosion causes violent oscillations of the resulting compact star. Similarly the coalescence of compact bodies like white dwarfs leaves behind an oscillating neutron star. The resulting excess of energy that causes the star to oscillate is radiated in the form of gravitational radiation [2] .
It is well known that although the spectrum of neutron star oscillations is continuous, general perturbations causes the star to ring with concrete oscillation frequencies that dominates over the rest of possible frequencies for a certain period of time after the perturbation. These resonant frequencies can be studied introducing the concept of quasi-normal modes, that is, eigen-modes of oscillation, that, although do not form a complete set of functions in which to expand every possible perturbation evolution, are very useful in the determination of the eigen-frequencies for which the star tends to oscillate [11] [12] [13] . These eigen-frequencies are given by a complex number. The real part gives us the oscillation frequency of the mode, while the imaginary part gives us the inverse of the damping time. The quasi-normal mode spectrum is quite dependent on the properties of the star, i.e. the equation of state.
Neutron stars are compact objects of very high density. Inside of them matter is found at extreme densities (10 15 g/cm 3 ). Current theories predict a layer structure for the neutron star, essentially composed by the core and the crust. The properties of the crust are very different from those of the core, and it is thought that this region has a solid crystalline structure similar to a metal. Although the high density matter inside the star has exotic properties, the resulting relativistic fluid that compose the neutron star can be described as a perfect fluid. What we need to know is the equation of state for the neutron star matter, but beyond the nuclear densities this relation is not well understood. The inner part of the core is very model dependent, essentially because different populations of particle states may appear at those densities. The composition is not exactly known and several hypothesis exist [14, 15] . Along the core of the star and specially in the core-crust interface, first order phase transitions are expected to be found in realistic equations of state. These phase transitions result in small discontinuities in the energy density of the star matter [14, 16] .
The measurement of 1.97M ⊙ for PSR J1614-2230 imposes a stringent condition on the equations of state, in particular to those with exotic matter in the core [17] . Recently several equations of state with exotic matter in the core satisfying the 2M ⊙ condition have been proposed [18] [19] [20] [21] .
In order to systematize the study of constraints placed by astrophysical observations on the nature of neutron star matter, several parameterizations of high-density equations of state (EOS) have been introduced: a piecewise polytropic approximation by Jocelyn et al. [22] and Lindblom spectral decomposition [23] . The advantage of these parameterizations is that they reduce the total amounts of parameters which modelize the equation of state to a more tractable quantity, allowing to constrain with observational data the values of the parameters, and also usually they enhance a numerical integration scheme allowing better precision. Let us note that a very large family of equations of state can be fitted to these parameterizations with a very good precision. From a practical/numerical point of view, another possibility to describe the equation of state, satisfying local thermodynamic conditions, is a monotone piecewise cubic Hermite interpolation.
The detection of gravitational radiation from neutron stars can be a very useful tool to determine the neutron star equation of state. The extraction of the spectrum of quasi-normal modes (frequency and damping time) from these signals could give important constrains to the equation of state, and in consequence, information about the behavior of matter at densities beyond nuclear matter [24] [25] [26] [27] [28] [29] [30] .
The theoretical study of the quasi-normal mode spectrum considering different models of neutron star with different equations of state is then well justified. The necessary formalism was developed first for quasi-normal modes of black holes by Regge and Wheeler [31] and by Zerilli [32] . Quasi-normal modes can be differentiated into polar and axial modes. In these papers it is found that the equation describing the quasi-normal mode perturbation of the Schwarzschild metric is essentially a Schrödinger like equation: the Regge-Wheeler equation for axial perturbations and the Zerilli equation for polar ones. For black holes, both types of modes are space-time modes. The formalism was studied in the context of neutron stars first by Thorne [33] [34] [35] [36] [37] , Lindblom [38, 39] , and then reformulated by Chandrasekhar and Ferrari [40] [41] [42] , and Kojima [43] . In neutron stars, axial modes are purely space-time modes of oscillation (w modes), while polar modes can be coupled to fluid oscillations (although a branch of w modes can be found also in polar oscillations). In this paper we will consider only axial modes of oscillation.
The study of the quasi-normal modes spectrum is complicated because of several reasons. Quasi-normal modes can only be studied numerically. No analytical solutions are known for physically acceptable configurations of neutron stars. Another reason is that quasi-normal modes are found as isolated points scattered on the complex plane, so that usually an exhaustive scan of this plane is necessary in order to find the complete spectrum. Also the numerical study is hindered by the very definition of quasi-normal mode itself, that as we will see explicitly in the following sections, gives rise to diverging functions that oscillate an infinite number of times towards spatial infinity. These functions are not well handled numerically.
Several methods have been developed to deal with these and other difficulties. For a complete review on the methods see the review by Kokkotas and Schmidt [11] .
Chandrasekhar and Ferrari [40] [41] [42] used a slowly damped approximation (ℑ[ω] ≪ ℜ[ω]), which reduces the system of equations needed to resolve the problem, so that the damping time of the quasi-normal mode can be given in terms of the real part. This method was also used in the determination of w-modes on polar perturbations of constant density neutron stars by Kojima et al [44] . It is only valid for slowly damped modes, which are present in highly compact stars, and is not appropriate for realistic configurations, although it can be used to obtain a first approximation of the fundamental frequencies.
In an interesting paper [45] , Kokkotas studied the axial spectrum integrating the exterior solution up to a finite radius, which allows to impose the outgoing wave behavior to the exterior solution. The matching between the interior and exterior solutions results in the construction of a Wronskian at the matching surface, which must be zero when both solutions correspond to a quasi-normal mode.
The WKB method [46] can be used to approximate the outer solutions provided that no back-scattering is found in the exterior region. This condition usually is satisfied when the imaginary part of the mode is small compared with the real part [47] .
The phase function can be studied in order to deal with the oscillatory nature of the perturbation function. Studied for black holes by Chandrasekhar and Detweiller [48] , the phase function plays a fundamental role in the numerical approach made by Andersson et al in [47] and in [49] for neutron stars. The phase is usually a well behaved function if there is not back-scattering contamination in the numerical solution.
The divergence of the outgoing wave solution of the perturbation equations makes the avoidance of incoming wave contamination a difficult task. This problem was dealt for black holes by Andersson in [50] by rotating the radial variable into a complex variable parallel to the anti-Stokes line. This approach was used for constant density neutron stars in [47] and [49] together with the phase function approach. More recently, Samuelsson et al [51] used a similar complex-radius approach for a constant density configuration which dealt with the divergence at infinity by integrating the Bondi-Sachs phase along a fixed path for the complexified radius parallel to the anti-Stokes line.
Another approach is based on the Leaver continued fraction method [52] , which allows to impose the outgoing wave behavior on the border of the star as a selfconsistent equation that can be satisfied iteratively [53] . This method has been used successfully with realistic models of neutron stars [24, 26, 30] As commented above, for fluid modes there is also a branch of w-modes. As these are purely space-time modes, they do not couple to matter, and the inverse Cowling approximation can be used to obtain this part of the spectrum [49] .
In this work we present a new approach to calculate quasi-normal modes of realistic neutron stars. We make use of several well-known techniques, like the use of the phase for the exterior solution and the use of a complexified coordinate to deal with the divergence of the outgoing wave. We also introduce some new techniques not used before in this context: freedom in the angle of the exterior complex path of integration, implementation of realistic equations of state in a piece-wise polytrope approximation or by monotone piecewise cubic Hermite interpolation, use of Colsys package to integrate all the system of equations at once with proper boundary and junction conditions and possibility of implementation of phase transition discontinuities. These new techniques allow us to enhance precision, to obtain more modes in shorter times, and also to study several realistic equations of state, comparing results for different compositions.
In section II we will start presenting the well-known general formalism of quasi-normal modes. In section III we will present an study of the junction conditions for a general matching that can include first order phase transitions or surface energy layers. In most of the results of the paper we will make use of the junction conditions without phase transitions or energy layers. In section IV we describe the numerical method we have used to obtain our results, testing the algorithm to obtain already known modes for a simple model. In sections V, VI, and VII we present our results, focusing on 18 different equations of state: for pure nuclear matter (Sly, APR4), mixed hyperon-nuclear matter(GNH3, H1, H4, BGN1H1,WCS1, WCS2, BHZBM), hybrid stars (ALF2, ALF4,WSPHS3), hybrid stars with hyperons and quark color-superconductivity (BS1, BS2, BS3, BS4) and quark stars (WSPHS1, WSPHS2). In section VIII we finish the paper with a summary of the main points of the work.
II. QUASI-NORMAL MODE FORMALISM
In order to fix the notation we will present a brief review of the formalism used to describe axial quasinormal modes. In the following we use geometrized units (c = 1, G = 1).
We consider a static spherical space-time with metric ds 2 = e 2ν dt 2 − e 2λ dr 2 − r 2 (dθ 2 + sin 2 θdϕ 2 ). The matter inside of the star is considered perfect fluid with stressenergy tensor T µν = (p + ρ) u µ u ν − pg µν , where p is the pressure, ρ is the energy density and u is the 4-velocity. At zero order the equations obtained are well known. Inside the star we have:
where we must provide a equation of state. Outside we have the Schwarzschild solution with gravitational mass M.
Following the original papers [33] - [43] , we make perturbations over this metric, expanding the perturbation in tensor harmonics, and taking into account only the axial perturbations. It can be demonstrated that the axial perturbations must satisfy the well-known ReggeWheeler equation [32] .
where l and k are the spherical harmonic indexes, r * is the tortoise coordinate:
and the eigen-frequency of the axial mode is a complex number ω = ω ℜ + iω ℑ . The potential can be written as:
In this work we will consider only the l = 2 case. Axial oscillations do not modify the energy density or the pressure of the fluid. Hence, for axial modes, inside the star only the perturbations on the 4-velocity of the matter have to be taken into account (Lagrangian displacement).
Note that in general the perturbation function Z is a complex function. Hence, we have a system of two real second order differential equations (one for the real part Z ℜ , and another for the imaginary part Z ℑ ).
Z has to satisfy a set of boundary conditions that can be obtained from the following two requirements [40] : i) the perturbation must be regular at the center of the star, and ii) the resulting quasi-normal mode must be a pure outgoing wave.
The second requirement imposes the quasi-normal modes to behave as purely outgoing waves at radial infinity. In general a quasi-normal mode will be a composition of incoming and outgoing waves, i.e. lim r * →∞
Z
in ∼ e iωr * , lim r * →∞ Z out ∼ e −iωr * .
Note that, while the real part of ω determines the oscillation frequency of the wave, the imaginary part of the eigen-value determines the asymptotic behavior of the quasi-normal mode: If we call τ = 1/ω I , the ingoing and outgoing modes will behave, respectively, as:
Outgoing quasi-normal modes are divergent at radial infinity, while ingoing ones tend exponentially to zero as the radius grows.
In the next sections we will present our numerical method, which is able to deal with this problem.
III. JUNCTION CONDITIONS
To determine completely the problem, we must study the junction conditions between the interior solution and the exterior solution on the boundary of the star. The junction conditions between two space-times have been considered in classical works by Darmois [54] , Lichnerowicz [55] , O'Brien and Synge [56] , and Israel [57] , and more recently in [58] [59] [60] . In the context of relativistic rotating stars, it has been considered in [61] , [62] and [63] .
We will impose the usual junction conditions. But, in order to have the possibility to study the influence of small changes in the core-crust transition pressure, we will include the more general case in which the star is surrounded by a surface layer of energy density.
We use Darmois conditions, the intrinsic formulation of these junction conditions, which imposes certain constrains on the continuity of the fundamental forms of the matching hypersurface S [64] .
This surface S is defined by the points where the pressure is null, or more generally, constant. As we have seen previously the axial oscillations do not modify the pressure or the density, so the surfaces of constant pressure of the perturbed star are essentially the same as the surfaces of constant pressure of the static star. .
Let us consider a surface S of constant pressure inside the star, and a surface layer on top of S described by a surface stress-energy tensor of a perfect fluid of the following form:
where, S is defined by the points where r = const. = R, ε is the surface energy density of the fluid moving in S, and u µ S (R) is its velocity. The continuity of the first fundamental form gives us two conditions: the continuity of ν
and the continuity of perturbation function Z:
The second fundamental form conditions impose a jump in the pressure if ε = 0. Let the pressure in the inner part of the surface S, be p int , and in the outer part be p ext with p ext < p int .
Making the same steps as with the first fundamental form, we obtain the following conditions for the zero order functions:
In this work we will consider p ext = 0. That is, the surface of star with pressure p = p int is being matched directly to the empty exterior surface of the star, in which case, M ext is just the Schwarzschild mass M. If we choose p int as the core-crust transition pressure, this matching condition is equivalent to approximating exterior layers of the star to a surface layer energy density that envelops the core of the star (surface crust approximation). The equation (12) can be interpreted as giving the total mass of the star to zero order (M ext ), as the addition of three terms, the first one representing the core mass (M int ≡ 4π R 0 ρr 2 dr), the second one representing the mass of the crust and the third one being a negative bounding energy term. The radius of the resulting configuration will be the radius of the core of the star. Equation (13) can be seen as a condition for the determination of the radius of the core of the star when approximating the crust of the star to a thin surface energy density.
In the surface crust approximation, these relations allow us to use the core-crust transition pressure p int , as a new parameter of the resulting configuration.
Up to first order in the perturbative expansion we obtain junction conditions for the axial functions. Essentially we obtain the following condition for the derivative of the Z function:
Together with condition (11) we have enough information to perform correctly the matching of the perturbation. Let us note that, the usual treatment without surface crust approximation is recovered by making in the previous conditions p int = p ext = 0 and ε = 0, in which case the continuity of the metric functions and of their derivatives is obtained. This is what we do in almost all the paper except in the final part of section VII, where the influence of the changes in the core-crust transition pressure is analyzed.
IV. NUMERICAL METHOD
In this section we will explain the numerical method we use to obtain outgoing quasi-normal modes of realistic stars. We implement this method into different Fortran programs and routines, making use of the Colsys package [65] to solve numerically the differential equations. The advantage of this package is that it allows the utilization of quite flexible multi-boundary conditions, that as we will see in the following sections, are important in our method of quasi-normal mode determination. On the other hand, Colsys allows to construct an adaptative mesh of points depending of the precision we would like to achieve. In this manner, the more precision we need on the perturbation function, the more points Colsys introduces into the mesh. The static solution is calculated at the same time as the perturbation, so the static solution functions will be also adapted to the precision we require to the Regge-Wheeler function. Colsys also allows the use of the continuation method: we can use as an initial guess for a new numerical solution another numerical solution which parameters are close enough to the parameters of the new solution.
We will start explaining how the outgoing modes are determined in the exterior region of the metric.
Quasi-normal modes present an oscillating part given by the real part of the eigen-frequency, that remains towards infinity, as can be seen in relation (7) .
In order to deal with this issue we will follow [50] - [51] , and we will study the phase function. The phase function (logarithmic derivative of the Z function),
does not oscillate towards asymptotic infinity.
The other important issue we have seen is that quasinormal modes diverge towards spatial infinity because of their pure outgoing wave behavior. This problem can be treated using the phase function together with a rotation of the radial coordinate into the complex plane.
This technique of complexification of the integration variable is called Exterior Complex Scaling [66] [67] [68] . An analytical extension of the g function, which is a function of r, is made into a g function that is dependent of the generalized complex coordinate. This new function has no physical meaning, but the eigen-values obtained by integrating the equation along the extended radius will remain unaltered.
We parameterize the complex coordinate along a line in the complex plane. We will take a straight line with an angle α with respect the real axis.
with y ∈ [0, ∞). The g function has the same limits in the case of a purely outgoing or a purely ingoing wave than with the real coordinate. But the mixed waves now depend on the angle of the path of integration α. In our method, the angle of the integration path is treated as a free parameter of the solution. This angle can be chosen appropriately to increase precision and integration time, but always remaining in the region where g → −iω. This boundary condition impose to the obtained solution a purely outgoing wave behavior. Exterior Complex Scaling with variable angle is widely used in other contexts like atomic and molecular physics, where it gives excellent results [69] .
The use of the phase and Exterior Complex Scaling with variable angle allows us to compactify, so we can impose the outgoing quasi-normal mode behavior as a boundary condition at infinity without using any cutoff for the radial coordinate.
Inside the star the Regge-Wheeler equation (4) can be solved without any problem. The perturbation function is oscillating, but the number of oscillations will be finite between r = 0 and r = R.
We must provide an equation of state. We implement the realistic EOS in two different ways: 1) A piece-wise polytrope approximation, done by Read et al [22] . In this approximation the equation of state is approximated by a polytrope in different density-pressure intervals. For densities below the nuclear density, the SLy equation of state is considered. 2) A piecewise monotone cubic Hermite interpolation satisfying local thermodynamic condition [70] .
We generate two independent solutions of the ReggeWheeler equation inside the star. The junction conditions (11) and (14) can be written in the form of a determinant making use of these two solutions together with the exterior phase function. The determinant can be calculated numerically from the integrated solutions.
We must explore the plane (ω ℜ , ω ℑ ) looking for null determinants. This process can be automated so that the program looks for minima of the determinant on the plane.
We have made several tests on our method using simpler equations of state. We successfully reproduce data from previous works. For example in table I we show our results for a star of constant density and 2M/R = 0.885, in perfect agreement with [51] .
In Figures 1 and 2 we show an example of calculated perturbation functions. These functions correspond to a star of 1.4M ⊙ , with Sly equation of state. The quasinormal mode is the first axial mode w I with frequency ν = 8.034kHz and damping time τ = 29.31µs. In Figure  1 we plot the real and imaginary parts of the two interior solutions for Z vs r. In Figure 2 we plot the real and imaginary parts of the calculated phase function outside the star versus the compactified rotated coordinate x. In the next sections we will show the results obtained for realistic equations of state.
V. RESULTS FOR REALISTIC EQUATIONS OF STATE
In this section we present our results for the axial quasi-normal modes of neutron stars with realistic equations of state. We consider a wide range of equations of state in order to study the influence of exotic matter in the core of the star on the axial quasi-normal modes.
Using the parametrization presented by Read et all [22] , which is implemented in our code, we can study the 34 equations of state they considered. For this paper we have used, following their notation, SLy, APR4, BGN1H1, GNH3, H1, H4, ALF2, ALF4.
After the recent measurement of the 1.97M ⊙ for the pulsar PSR J164-2230, several equations of state have In Figure 3 we plot all the 18 equations of state we have studied in order to give an idea of the range considered. Let us describe briefly the characteristics of the equations of state we have used: For plain npeµ nuclear matter, we use:
• SLy [71] with npeµ using a potential-method to obtain the eos.
• APR4 [72] with npeµ, obtained using a variationalmethod.
For mixed hyperon-nuclear matter we use:
• GNH3 [73] , a relativistic mean-field theory eos containing hyperons.
• H1 and H4 [74] , two variants of the GNH3 equation of state.
• BGN1H1 [75] , an effective-potential equation of state including hyperons.
• WCS1 and WCS2 [20] , two equations of state with hyperon matter, using "model σωρφ", and considering ideal mixing, SU(6) quark model, and the symmetric-antisymmetric couplings ratio α v = 1 and α v = 0.2 respectively.
• BHZBM [18] , a non-linear relativistic mean field model involving baryon octet coupled to meson fields.
For Hybrid stars we use:
• ALF2 and ALF4 [76] , two hybrid EOS with mixed APR nuclear matter and color-flavor-locked quark matter.
• WSPHS3 [21] , a hybrid star calculated using bag model, mixed with NL3 RMF hadronic EOS. The parameters employed are: B
1/4
ef f = 140M eV , a 4 = 0.5, and a Gibbs phase transition.
For Hybrid stars with hyperons and quark colorsuperconductivity we use:
• BS1, BS2, BS3, and BS4, [19] , four equations of state calculated using a combination of phenomenological relativistic hyper-nuclear density functional and an effective NJL model of quantum chromodynamics. The parameters considered are: vector coupling G V /G S = 0.6 and quark-hadron transition density ρ tr /ρ 0 equal to 2, 3, 3.5 and 4 respectively, where ρ 0 is the density of nuclear saturation.
For quark stars we use:
• WSPHS1 and WSPHS2 [21] . The first equation of state is for unpaired quark matter, and we have considered the parameters B We will start studying the impact of hyperon matter on the quasi-normal mode spectrum, comparing with configurations with plain nuclear matter EOS.
In Figures 4 and 5 we plot the mass-central pressure and mass-radius relation, respectively. For the study of the quasi-normal modes we have considered only stable configurations below the maximum mass of each equation of state. It can be seen that the introduction of a hyperon core changes the mass radius relation and we will see that this has an imprint on the quasi-normal mode spectrum of these configurations. Note that all the EOS considered are near or beyond the 1.97M ⊙ limit, except the BGN1H1 and H1 equations of state, which are included for comparison. In the following we will consider only stable configurations between 1M ⊙ and the maximum mass of the particular equation of state. We will study the fundamental and first excited wI modes, as well as the fundamental wII mode.
Fundamental wI mode:
In Figures 6 and 7 , we plot the frequency and damping time of the fundamental wI mode as a function of the central pressure of the star in logarithmic scale, for the different equations of state. There is no significant difference between the two pure nuclear matter equations of state considered, except for the bigger maximum mass of the APR4 EOS. On the other hand, we observe that the presence of hyperon condensates has a clear impact on the frequencies of the fundamental w-modes. Note that the hyperon core is changing the frequency relation for high mass configurations, increasing with the central pressure above ∼ 10 35 dyn/cm 2 , where the hyperon phases are more important due to the high density of the star core. Essentially, this effect is related to the softening of the EOS by the introduction of hyperon matter at the inner regions of the star. This result is in agreement with a recent work by Chatterjee and Bandyopadhyay [29] .
In order to use future observations of gravitational waves to estimate the mass and the radius of the neutron star, as well as to discriminate between different families of equations of state, we obtain empirical relations between the frequency and damping time of quasi-normal and BGN1H1 EOS, which present a quite different behavior, all the scaled frequencies can be fitted to a linear relation with the compactness (17) . The fits can be found in Table II. modes and the compactness of the star, following [4] , [25] , [77] and [78] . In Figure 8 we present the frequency of the fundamental mode scaled to the radius of each configuration. It is interesting to note that even with this scaling, the softest equations of state that include hyperon matter, H1 and BGN1H1, present a quite different behavior than the rest of EOS considered. Nevertheless, as the detection of the recent 2M ⊙ pulsar suggest, these two particular EOS cannot be realized in nature, so the behavior of the scaled frequency is quite similar for hyperon matter or plain nuclear matter stars.
A linear fit can be made to each equation of state. We (18) . The fits can be found in Table II. fit to the following phenomenological relation:
In Table II we present the fit parameters A,B for each one of the equations of state studied. For the Sly and for the APR4 equations very similar results are obtained. The empirical parameters for SLy and APR4 are compatible with the empirical relation obtained by Benhar et al [78] for six equations of state. In general, for hyperon matter EOS, we still obtain a linear relation, but with slightly different parameters, as can be seen in Table II . As commented before, quite remarkable is the case of the H1 and BGN1H1, where the linear relation is almost lost.
Our results show that the introduction of hyperon matter changes very little the dependence of the frequency with the compactness. Even for M/R bigger than 0.18, the difference between equations of state with and without hyperon matter is quite small. As these empirical relations depend minimally on the equation of state, they could be used, applying the technique from [77] to measure the radius of the neutron star and constrain the equation of state.
In Figure 9 we present the damping time of the fundamental mode scaled to the mass of each configuration. In this case, the results can be fitted to an empirical quadratic relation on M/R, as follows:
In Table II we present the fit parameters a,b and c. Note that for SLy and APR4 the fits are quite similar, and in accordance with the results obtained in [78] . All of the equations of state are well fitted to a quadratic (17) is found for all these EOS. If we exclude the H1 and BN1H1 EOS, the presence of hyperons is not affecting strongly the scaled frequency. The fits can be found in Table III . (18) is valid for every EOS considered. The empirical parameters are more sensitive to the hyperon core, specially at high densities. The fits can be found in Table III. relation with the compactness. For compactness beyond 0.18 the presence of hyperon matter slightly changes the dependence of the scaled damping time with M/R, specially for the BGN1H1 EOS.
First excited wI mode: In Figures 10 and 11 we plot the scaled frequency and damping time for the first excited wI modes. We make fits to the empirical relations (17) and (18) . In Table III we present the corresponding empirical parameters.
Fundamental wII mode: In Figure 12 we plot the frequency of the fundamental wII mode scaled with the mass versus the metric function e 2λ(R) . It can be seen that for all the equations of state studied, there is a minimal compactness, below which the wII mode does not exist. The scaled frequency is quite linear with e 2λ(R) nearby this minimal compactness. Our numerical scheme allows us to obtain explicitly these limit configurations with vanishing real part of the mode with a precision of the order of 10 −5 . The limit configuration has compactness between M/R = 0.1044 and M/R = 0.1066, so it is quite independent of the particular equation of state, and in consequence independent of the presence of hy- peron matter. For example, the GNH3 equation of state the limit configuration has compactness M/R = 0.1051, and for the BGN1H1, M/R = 0.1061, and the SLy has compactness M/R = 0.1056 and the APR4 compactness M/R = 0.1046. The reason why the limit configuration is independent of the EOS is because, for these values of the compactness, the mass of the stars considered are below 1M ⊙ . In these low mass configurations the presence of hyperons at the core is small or null, depending of the equation of state, and so we are comparing plain nuclear matter stars with slightly different EOS at the core. These limit configurations were conjectured by extrapolation in Wen et al in [30] . Our results are in agreement with their extrapolation.
In Figure 13 we show the damping time of the wII mode scaled with the mass. Although for low compactness the damping time is quite independent of the equation of state and linear in M/R for the reasons commented before, for compactness above 0.18 it is very sensitive to the presence of hyperon matter, changing completely the linear behavior. The damping time does not vanish in the limit compactness as the frequency does. By the contrary, it tends to a limit τ .
B. Quark matter
In this subsection we will present our results for the axial quasi-normal modes of compact stars with quark matter at the core. We consider the following equations of state: ALF2, ALF4, WSPHS1-3, BS1-4, already de- In Figure 14 we present the equations of state at the high density region. In Figure 15 we present the massradius relation for these equations of state and in Figure  16 the mass-central pressure relation. Only stable configurations below the maximum mass of each equation of state have been considered. Note that all the equations of state considered are near or above the 1.97M ⊙ limit. We will repeat the analysis for these new equations, studying the fundamental and first excited wI modes, and finally the fundamental wII mode. (17) . Parameters a,b and c correspond to the quadratic empirical relation for the damping time (18) . Fundamental wI mode: In Figure 17 we plot the frequency of the fundamental wI mode as a function of the central pressure of the star in logarithmic scale. In Figure 18 we make a similar plot for the damping time of these configurations. Note the similitude between the SLy modes and the ALF4 modes for both the frequency and damping time. These two equations of state can not be differentiated by the observation of the fundamental w mode. This is not the case if the EOS for hybrid matter is softer, as it happens for the other EOS considered, which present smaller frequencies.
In Figures 17 and 18 we also plot the fundamental mode for the two pure quark matter EOS considered (WSPHS1 and WSPHS2). The configurations near the maximum mass limits of these EOS have much lower frequencies than the rest of the EOS studied, around 5.5 kHz.
In these Figures we observe that the frequency and damping times have a clear dependence on the EOS when represented against the central pressure. All the EOS with quark matter at the core present a characteristic (18) . Again, WSPHS1-2 present a different behavior from the hybrid stars. The fits can be found in Table  IV. behavior, with frequencies below those of the plain nuclear matter configurations, except the ALF4 EOS, which mimics the SLy EOS almost entirely. In Figure 19 we present the frequency of the fundamental mode scaled to the radius of each configuration. A linear fit can be made to each equation of state. We fit to the phenomenological relation presented in the previous subsection, equation (17) . In Table IV we present the fit parameters A, B for each one of the equations of state studied.
In Figure 20 we present the damping time of the fun- (18) can be found for all these EOS. For low compactness WSPHS1-2 configurations the scaled damping time can be a 10% smaller than for hybrid stars. The fits can be found in Table V. damental mode scaled to the mass of each configuration. In this case, the results can be fitted to the empirical quadratic relation on M/R, as presented in equation (18) . In Table IV we present the fit parameters a,b and c. When we represent the scaled frequency and damping time versus M/R, all the wI0 modes have a similar behavior and the coincidence is greater for higher compactness. The only exceptions are WSPHS1-2 EOS (pure quark stars). Their behavior is clearly differentiated from the rest because of the different layer structure found at the exterior of the star.
First Excited wI mode: We present a similar study of the first excited wI mode. In Figures 21 and 22 we plot the scaled frequency and damping time for the first excited wI-mode. The empirical relations (17, 18) , with different parameters can be found in Table V . Note that the scaled frequency and damping time is quite similar for every EOS considered, and the only difference is found for the WSPHS1-2 EOS at low densities, for the same reasons than for the fundamental modes.
Fundamental wII mode: Finally, in Figure 23 we plot the frequency of the fundamental wII mode scaled with the mass versus the metric function e 2λ(R) . As in the previous subsection, it can be seen that there is, for all the equations of state studied, a minimal compactness below which the wII mode vanishes.
In Figure 24 we show the damping time of the wII mode scaled with the mass, where it can be seen that for these limit configurations it tends to a limit τ dependent of the equation of state. Note that for the hybrid stars considered, the limit configuration is different depending on the matter composition of the outer layers. For hybrid stars ALF2, ALF4 and WSPHS3, the limit configurations have compactness between M/R = 0.1046 and M/R = 0.1060, similar to hyperon stars. For BS1-4, the limit configurations have compactness M/R = 0.112, and for quark stars WSPHS1 and WSPHS2, the limit configurations are quite different and have compactness M/R = 0.126. These differences are due to the behavior of the different equations of state of each configuration at the outer layers of the star. In fact, note that for quark stars WSPHS1 and WSPHS2 the pressure drops to zero with constant density around 2 · 10 14 g/cm 3 .
BS equations of state
In order to study the influence of different phases in the compact star, we study four equations of state, considered by Bonanno and Sedrakian with the NL3 parameterization of the Walecka model [19] . These EOS correspond to hybrid stars with hyperons and quark colorsuperconductivity. They usually have four regions, which are, from the inside to the outside: CFL (quark matter three-flavor color-flavor-locked), 2SC (quark matter two-superconducting colors phase), N+Hyp (nuclear and Hyper-nuclear matter), and N (nuclear matter). The ex- tent of each region depends on the quark-hadron transition density ρ tr and the vector coupling constant G V .
We study four equations of state with G V = 0.6G S and ρ tr = 2ρ 0 , 3ρ 0 , 3.5ρ 0 , 4ρ 0 where ρ 0 is the density of nuclear saturation.
In Figure 25 we plot the equations of state in the high density region. In Figure 26 we plot the frequency of the fundamental wI mode as a function of the central pressure of the star in logarithmic scale. In Figure 27 we make a similar plot for the damping time of these configurations.
We can see in Figure 25 that the BS equations of the state have phase transitions, where for a given pressure, the density suffers a finite jump that increases its value (the EOS become softer). The effect of these phase transitions is reflected clearly in the frequency and damping time of the wI0 modes as it can be seen in Figures 26 and  27 .
VI. EMPIRICAL RELATIONS FOR W-MODES
In Figure 28 we present ω I M vs. ω R M for wI0, wI1 and wII0 modes, for all the equations of state studied. This is a plot similar to Fig.4 of [49] for constant density stars. It can be seen that for the fundamental modes, the scaling with the mass is quite independent of the equation of state. Now let us defineω R andω I (real and imaginary part of the w-modes in units of the central pressure) by the following relations:
where c is the speed of light in cm/s. If we plotω R versus ω I of wI0, wI1, and wII0 modes for all the equations of state, we obtain Figure 29 with three curves, one for each type of modes. A remarkable feature is that all the wI0 modes of Figure 28 can be described by the curve marked wI0 in Figure 29 , almost independently of the equation of state. A similar behavior is obtained for wI1 and wII0 modes. One would expect all the wI0 modes of a given EOS to describe a curve depending on one parameter (for instance, the central pressure). And in principle, different equations of state should describe different curves. It is interesting to note that this is not the case, since the empirical relation betweenω R andω I is independent of the equation of state. Hence all the modes of the same type are located in the same curve in Figure 29 , independently of the EOS. Nevertheless, the parametrization of the curve using the central pressure depends on the EOS. It is interesting to note that the only points that separate slightly from the corresponding line are those of modes for equations of state WSPHS1 and WSPHS2 of quark stars. This result allows us to present an empirical relation betweenω R andω I that seems to be independent of the equation of the state. As far as we know this has not been obtained before.
For all the EOS except WSPHS1 and WSPHS2, we obtain:
For the fundamental wI modes, our results ofω I versus ω R can be fitted to a quadratic relation as follows: , with χ 2 = 0.061. These relations allow us to obtainω I ifω R is known. From a practical point of view, these relations can be used to simplify the numerical calculations to obtain quasinormal modes for any equation of state, reducing, in our method, the time necessary to find the zeros of the determinant.
Let us present a possible application of these empirical relations. Suppose that the frequency ω(Khz) and the damping time τ (µs) of the fundamental mode wI0 of a neutron star are detected. Then, using the equation (19) we can plot a line forω I versusω R in Figure 29 with parameter of the line p c . The crossing point of this line with the curve marked wI0, given by the empirical relation (20) , gives us an estimation of the central pressure p c independently of the equation of state. Now, we can check which equations of state are compatible with this p c , i.e., which EOS have the measured wI0 mode near the crossing point for the estimated central pressure. Hence, this method allows to estimate the central pressure p c and, in some situations, discard certain equations of state. Let us mention, that using this p c , we can estimate the mass and the radius of the star using our calculations for the possible EOS. Note, that if these data (mass and radius) are measured by other methods, we would have another filter to impose to the EOS.
VII. OTHER RESULTS
Finally, we study the effect of core-crust transition pressure variations in the quasi-normal mode spectrum using our model of crust as a surface energy density enveloping the core. We will consider the SLy equation of state, for which the core-crust transition is found at density 1.29 · 10 14 g/cm 3 . We construct a star of 1.4M ⊙ with and without a surface energy density enveloping the core of the star at this core-crust transition region. We can compare the difference in the fundamental w modes between our approximation of crust as a thin shell enveloping the core, and the standard calculation. The result is the following: for the fundamental wI mode, the change in the frequency is 0.07% and the variation in the damping time is −0.02%. For the fundamental wII mode, the changes are bigger. For the frequency 0.3% and for the damping time −0.07%. This indicates that this approximation makes small changes in the w quasi-normal spectrum.
Next, we consider this neutron star with 1.4M ⊙ and surface energy density at the core-crust transition point: 4.8·10 32 dyn/cm 2 . Fixing the central pressure, we variate the core-crust transition pressure between 10 32 dyn/cm 2 and 10 33 dyn/cm 2 , and compare with the modes for the initial configuration. The impact of transition pressure variations on the frequency is small, between −0.05% and 0.08% for the fundamental wI mode, and between −0.24% and 0.35% for the fundamental wII mode. Similarly, transition pressure variations has a small impact on the damping time, between 0.02% and −0.035% for the fundamental wI mode, and between 0.06% and −0.1% for the fundamental wII mode.
VIII. SUMMARY
In this paper we have studied the axial w quasi-normal modes for 18 equations of state. In particular, we consider the influence of the presence of exotic matter in the core of the neutron star.
We have seen that the hyperon core changes the frequency and the damping time of the modes for configurations of high compactness. The frequency increases with the central pressure above ∼ 10 35 dyn/cm 2 , where the hyperon phases are more important due to the high density of the star core. This effect is related to the softening of the equation of state at the inner regions of the star. For stars including quark matter in the core, we obtain a clear influence of the quark presence on the frequency and damping time when represented versus central pressure, with a characteristic behavior for all the EOS with quark matter in the core.
We have obtained phenomenological relations for the frequency and damping time with M/R for wI and wII modes. For some equations of state (for hyperon matter H1 and BGN1H1, and for pure quark stars WSPHS1-2) the scaling relations are quite different from the rest of EOS. For the rest of EOS considered, the scaled relations are quite similar, providing useful information that could be used to measure the radius of a neutron star.
A detailed analysis of four equations of state considered by Bonanno and Sedrakian allows us to study the influence of the presence of different phase transitions in the spectrum of a compact star.
Another interesting result is the new phenomenological relation between the real partω R and the imaginary partω I (scaled to the central pressure) of w quasinormal modes, valid for all the EOS, except, perhaps, for WSPHS1 and WSPHS2 EOS (quark stars).
The precision of our algorithm allows us to construct explicitly the universal low compactness limiting configuration around M/R = 0.106 for which the fundamental wII mode vanishes. The existence of this configuration was conjectured by [30] .
Finally, we have studied the influence of changes in the core-crust transition pressure obtaining that the influence is very small.
In order to perform this analysis, we developed a new numerical method to calculate w-axial quasi-normalmodes. The use of the phase of the Regge-Wheeler function together with Exterior Complex Scaling, allow us to impose the outgoing wave behavior with stringent conditions. We allow for variable angle in the complex scaling, which makes it possible to obtain new modes and enhances precision with respect previous works.
We present a complete study of the junction conditions between the exterior and interior solution in a surface of constant pressure (also including the case p = 0, the border of the star). The matching conditions can be written in terms of a determinant whose zeros correspond to quasi-normal modes for the particular integrated configuration.
